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We study the IR/UV connection in non-commutative (f> 3 theory as well as in non-commutative 
QED from the point of view of the dispersion relation for the self-energy. We show that, although the 
imaginary part of the self-energy is well behaved as the parameter of non-commutativity vanishes, 
the real part becomes divergent as a consequence of the high energy behavior of the dispersion 
integral. Some other interesting features that arise from this analysis are also briefly discussed. 
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I. INTRODUCTION 

In rece nt y ears, non-commutative field theories have been studied from various points of view |^, |^, |i, |5|, |(| [j], ||, 
|, These are theories defined on a manifold where the 

coordinates do not commute, rather satisfy 

[x»,x v ]=iO> lv (1) 

Here, O^" is a constant anti-symmetric tensor and, for unitarity to hold, one normally assumes that 9° l = 0, namely, 
one assumes only the space coordinates to have non-commutativity (2?], H . 

In an earlier paper p9[ , we studied the self-energy in non-commutative QED (as well as in non-commutative 3 
theory) in n dimensions and it was shown there that while the imaginary parts of the self-energy were well behaved 
as d 13 — > 0, the real parts were divergent for n > 4. This is, in fact, a puzzling behavior. Namely, if causality were to 
hold in non-commutative theories (QED as well as the (f> 3 theory), we would expect the real and the imaginary parts 
of the self-energy to be related through a dispersion relation and then, it is not clear how a well behaved imaginary 
part can lead to a divergent structure in the real part. It is with this in mind that we have undertaken a systematic 
study of the dispersion relation in the non-commutative </> 3 theory as well as QED in n-dimensions and our study 
leads to various interesting results which we discuss in this paper. 

We note that a dispersion relation, which is a statement about causality in a quantum field theory, holds for any 
well behaved analytic function that vanishes at infinity pl| . This is particularly true for the retarded self-energy 
which is expected to satisfy 

n.n»y,,).Ipr i !!55|ffi (2) 

where "P" stands for the Cauchy principal value. Furthermore, using the fact that the imaginary part of the retarded 
self-energy is odd in the energy variable, the dispersion relation can be equivalently written as 



ReIl( R V,p) = -P / 
it Jo 



This form of the dispersion relation involves only positive values of the energy inside the integral and, therefore, is 
quite useful from our point of view. The reason for this is quite clear. In general, the Feynman amplitudes are not 
expected to satisfy a simple dispersion relation, but as we will show in section II, for positive energy, the Feynman 
and the retarded self-energies coincide and, consequently, satisfy (||). In the subsequent discussions, we will omit the 
principal value symbol for simplicity, although it is to be understood throughout. 

In a non-commutative theory, the self-energy has a planar term and a non-planar term. The behavior of the planar 
terms is the same as in a commutative theory and, therefore, we concentrate only on the non-planar terms in the 
self-energy, commenting where necessary on the planar terms. It is in the non-planar terms that the nontrivial phase 
factors of the interaction vertices are likely to modify the complex structure of the amplitudes and, therefore, the 
validity of the dispersion relations is more crucial for these terms. We note that the non-planar terms are ultraviolet 
finite (unlike the planar ones) and, therefore, may satisfy an unsubtracted dispersion relation. Furthermore, it is 
also in these terms that the real parts of the amplitudes show a divergence as 6 1J — > which we would like to 
understand from the point of view of the dispersion relations. We assume, as is conventionally done, that Q 0-1 = 
because it is in this case that explicit calculations exist and the theories are believed to be unitary. In section II, 
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we evaluate the imaginary part of the Feynman self-energy in the massless non-commutative 4> 3 theory. We show 
that, for positive values of the energy, the Feynman amplitude coincides with the retarded one and use the dispersion 
relation to calculate the real part of the self-energy. We, then, show that this coincides exactly with the real part 
of the self-energy calculated in proving that the dispersion relation indeed holds true in the non-commutative 
theory. It follows from this analysis that the divergence structure of the real part of the self-energy, as 8^ — > 0, arises 
from large values of energy, lj, in the dispersion integral, giving yet another manifestation of the IR/UV mixing. In 
section III, we carry out a similar analysis for QED and show that the dispersion relations hold in this case as well. In 
section IV, we show that the real and the imaginary parts of the self-energy, both for the non-commutative <fi 3 theory 
as well as for non-commutative QED, can be expressed in closed form (without any Feynman parameter integrals) 
and this brings out some nice features. In section V, we discuss various other interesting features that arise from our 
analysis. Some mathematical details are discussed briefly in the appendix. 



II. DISPERSION RELATION IN THE NON-COMMUTATIVE <j> z THEORY 



In this section, we will discuss the dispersion relation for the self-energy in the massless non-commutative (j> 3 theory 
in n-dimensions. Since the dispersion relation for the planar part of the self-energy is well understood, we will 
concentrate here only on the non-planar part of the amplitude. We note that the non-planar part of the self-energy, 
in n-dimensions, has the form (apart from a factor of 4- where A represents the scalar coupling) 



j-Q(non-planar) 



d n k 



je-k 



(2tt)" (fc 2 + ie){{k + p) 2 -Me) 
Here, we have defined 

which has only a nontrivial space component. The integral over k° can be trivially done yielding 



jj(non-planar) 



1 



4(2tt) 



cos ■ k 
\k\\k+P\ 



1 



1 



p° + \k\ + \k+p\ 



p° - \k\ - \k + p\ + ie 



It follows now that the imaginary part of the non-planar self-energy has the form 



imn (non - planar) ( P ) 



4(2tt 



in — 1 



cos 9 ■ k 
\k\\k+p\ 



(6(p° - \k\ - \k + p\) + 6( P ° + \k\ + \k + p\) 



(4) 



(5) 



(6) 



(7) 



There are several things to note here. First, in spite of the similarities of the non-commutative theories to thermal 
field theories as alluded to in J2^|, we see that the imaginary part of the self-energy only involves two delta functions 
as opposed to four, normally encountered in a thermal field theory 
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. This is another evidence of the fact 
that, in spite of the non-analyticity present in non-commutative theories, there are no additional channels of reaction 
(as would be the case in thermal field theories) and, therefore, no new branch cuts. Second, for positive energy, p° > 
(which is what is needed in the dispersion relation (§)), only one of the delta functions contributes to the imaginary 
part. Without giving the mathematical details (which we discuss in the appendix), we note that, in this case, the 
imaginary part of the self-energy can be written as (for p° > 0) 



(2tt) ? 



dx ■ 



Imn (no„-planar)( p j 

where we have defined 

\M\ = \(-x(l-x)p 2 )\ 



Mr 



\M\ 



2-5 



Jz-2(\8\\M\) 



= H 



(8) 



(9) 



We note here that the imaginary part of the self-energy, for p Q < 0, is also exactly the same so that the imaginary part 
of the Feynman amplitude in (0) is symmetric in p°. Furthermore, from the identity satisfied by the Bessel functions 

il, 



(10) 
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it follows that the imaginary part of the self-energy is well behaved as \9\ — > 0. 

Let us recall that the self-energy for the non-commutative 3 theory, in n dimensions, was evaluated earlier in |29f| 
and the non-planar part was shown to have the form 

n(non " planar) w = wrll dx wrf (T) 2 2 *»-t o w (id 

Using the series representations for the Bessel functions, it can be checked that the imaginary part of this expression 
indeed coincides exactly with expression (0) following from the direct evaluation of the imaginary part. 

So far, we have been working with the time-ordered Feynman amplitude. The dispersion relation, on the other hand, 
holds for the retarded amplitudes. In fact, we note from the dispersion relation in (0) that we need the imaginary 
part of the retarded self-energy only for positive values of energy. We show now that, for positive energy, the retarded 
self-energy coincides with the time-ordered Feynman self-energy that we have already evaluated. This is easily seen 
as follows. From the definition of the retarded and the time-ordered amplitudes, it follows that 

R {<j>{x x )(t>{x2)) = T MsiMato)) " <Kx%)<l>{xx) (12) 
Furthermore, from the definition of the positive energy Green's function, we know that we can write 

<O|0(*iMx 2 )|O) = J d n P 6(p Q )5(p 2 ) eHP-C-i-x,) /(p ) (13) 

from which it follows that 

(01^2)0(^)10}= / d n p9(-p°)S(p 2 )e-^-^ f(-p) (14) 



Therefore, we see that the vacuum expectation value of the second term on the right hand side in ([L2|) has contributions 
only for negative values of the energy. As a result, for positive energy, this term does not contribute and the retarded 
and the Feynman self-energies coincide. As a practical rule for obtaining the retarded self-energy from the Feynman 
amplitude in (||), we note that the Feynman ie's in (Q) can be replaced with p° — > p° + ie to yield the retarded 
self-energy. In this case, it follows from (Q) that the imaginary part of the retarded self-energy is anti-symmetric in 
p°, as it should be. Furthermore, the real parts of the time-ordered and the retarded self-energy are the same for all 
energies. 

With this, we can now use the dispersion relation, Eq. (0), to determine the real part of the self-energy. 



7T J Q LU 2 - (jpy 



27rt f 1 uj9{io 2 -p 2 ) 1 f\9\\M(tu,p)\, r , 



(2^)«7 J w 2 -(p°) 2 \M(u,p)\ 

It is worth noting here that, as \0\ — > 0, even though the combination of the Bessel functions is well behaved (see 
(|l0|)), the integral diverges as (for n > 4) 

Ren („on-planar) ^ ^n-i _ |^|4-» ^g) 

where we have used dimensional reasoning in the last relation. Thus, even though the imaginary part of the self-energy 
is well behaved as \9\ — > 0, the dispersion relation induces a divergence in the real part of the amplitude which arises 
from the region of integration involving large values of energy. This is yet another interesting manifestation of the 
IR/UV mixing. We will comment more on this later in the discussions. 

For the present, let us simply note that with a simple change of variables, we can write the real part of the self-energy 
to be 

Ren („„-p„n„, (p) = ^j(|l) ' £ dx - I))*"' J" dz -jijj *»"' J f _ 2 (|«V*(1 - *)*) 

2 '" /^t^W mV^m (ir) 



(27r)» Jo (M 2 ) 2 



where 



M = -x(l - x)p z (18) 

and we have used standard integrals involving Bessel functions [ |35[ . We can now compare this real part of the 
amplitude determined from the dispersion relation with that from the exact amplitude in ( |Tl| ) calculated earlier and 
we see that they agree completely. 
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III. DISPERSION RELATION IN NON-COMMUTATIVE QED 

We can now study the dispersion relation in non-commutative QED. As we have already shown in (29), the self- 
energy for the photon is transverse and, in a general covariant gauge, can be parameterized as 



(19) 



We note that III, II 2 in ( fi9| ) are defined such that IIi = ^ , II2 = B of ref. p9] |. Once again, we will only concentrate 
on the non-planar parts of the self-energy and will comment on the planar part later. 

Let us first analyze the dispersion relation for n^ non planai ) before discussing the same for n <, non - planar) . The imag- 
inary part of II^ non planai ) can b e directly calculated from the Feynman diagram, as in the last section, and, in this 
case, leads to 



Irani 



(non-planar) 



(-l)t e 2 7rt+ 1 g(p 2 ) 
(27r) n 



dx 



1 



a 1 



|M| 4 "" 

+2a 2 



\0\\M\ 



J*-2{\e\\M\) 



J*-si\9\\M\) 



(20) 



Here, we have defined 



aj = 3 + 2(n - l)x - 4(n - 2)x 2 - 2(1 - £)x(6x - 5) 



«2 



(1-0 ( (l + 4a;-4s 2 ) 



1-t 



(21) 



with £ representing the gauge fixing parameter. As can be easily checked using (|Io|), this imaginary part is well 
behaved as \8\ — ► 0. 

For positive energy, which is involved in the dispersion relation (||), as we have already shown, the Feynman and 
the retarded amplitudes coincide. As a result, we can evaluate the real part of Il^ non planar ) a s 



(non-planar) 2( 7r) 2 e 2 



(2nY 



«i 



I0IIA/ 



dx 

2- 



1 







lj 2 -{p ) 2 \M(u,p)\ 



Jn_ 2 (\9\\M\)+2a 2 



\0\\M\ 



3-f 



J*- 3 {\e\\M\) 



(22) 



Once again, we see that as \9\ — * 0, the combination of the Bessel functions is well behaved, but the integral develops 
a divergence coming from large values of to as (for n > 4) 



Ren 



(non-planar) 



1*1 



4— n 



(23) 



which shows the manifestation of the IR/UV mixing. 

We note that there are more structures in (^2|) compared with (p"5|). Nevertheless, with a simple change of variables, 
we can evaluate this using standard integrals of Bessel functions to obtain |3q| 



~i » ^(non-planar) 2( 7r) 2 e 2 

Ke ill =~ 



(27T) 



dx 



«i(y) (x(l-x))? 



dz 



o z 2 - V 2 



z^- 1 j i ^{\eWx{i-x)z) 



= Rc 



-2a 2 



(— 7r) 2 e 2 



1*1 



3-* 



(27T) 



da; 



(x(l - x)) 4 ' 
1 



z 2 — p 2 



Z^jn 3 {\6\^x(l-X)z) 



[M 



-J2\2- 



2oi 



|M 



2-§ 



tf» 2 (|0|M)-4a 2 



I0IM 



tf*_ 3 (|0|M) 



(24) 



This can, in fact, be checked to coincide completely with the corresponding term in the real part of the exact self-energy 



calculated in 29 
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The discussion of the dispersion relation for II2 proceeds in a similar manner. Therefore, without giving details, we 
simply note that the imaginary part of U 2 non planal - ) has the form (we note that, as pointed out in ]2j|, II2 does not 
have a planar part) 

(non-planar) _ (~ 1 ) f e 2 7T f + 1 6(p 2 )p 2 <' ' 



imn 



where we have defined 



(2tt)" 

b_x ne\\M\ \ 



dx 



1 

|m|4 



-2 6, 



M) 3 "%t-3(|.-||M|) + 46 4 (»)" 



J 9 _ a (|e||M|) 
J*_ 4 (|0||M|) 



6i = -4(n - 2) 2 .t(1 - x) 

b 2 = 2(3 - 2n)x(l - x) + 1 - 2x 2 + 2(1 - £)(n - 4)x 
6 3 = (l-0f2x-(n-6)^ e) 



64 = - 



(25) 



(26) 



The dispersion relation now leads to 



Ren 



(non-planar) 



1 T ^(non-planar) / 

dui - 



lu 2 - { P °y 



1 



(M 2 ) 



2^2- 



&1 



|0|Af 



K^{\e\M) + 2b 2 2 K^ 2 (\9\M) 



\6\M Y 



+4^3(^1 Kn_ 3 (\9\M) + 8b 4 



\e\M 



4-§ 



K» A {\e\M) 



(27) 



This can be seen to coincide completely with the corresponding real part of the perturbative calculation in |2£ 



IV. CLOSED FORM EXPRESSIONS FOR REAL AND IMAGINARY PARTS OF THE SELF-ENERGY 

Our discussion so far has involved imaginary and real parts of the self-energy represented in a parametric form 
(namely, with integrals over the Feynman parameter). In this section, we will show that the integration over the 
Feynman parameter can, in fact, be done exactly and that both the imaginary as well as the real parts of the 
self-energy have closed form expressions in terms of well known functions. 

To begin with, let us consider the self-energy for the scalar theory discussed in section II. As we have seen there 
(see (|h), the imaginary part of the self-energy is given by 

^(non-planar) = Bj&*» f 1 (28) 

(2tt)" J |M| 4 -" \ 2 J 2 y ' 

where 

\M\ = \(-x(l-x)p 2 )\i (29) 
The x integration can, in fact, be done and leads to 

Imn( non- P la„ar) = ^Zl (^ ( \g\ (p 2 ) * ) ^ ( B^L ) (30) 

The closed form evaluation of the real part of the self-energy, on the other hand, is slightly more involved. As we 
have seen in (p7|), the real part of the self-energy can be written as 

Ren (non-planar) = H£\ 2 ^ ^ ^ _ ^ f -1 ^ ^ ^ -1 Jf _ 2 ^ ^ffi^z) (31) 



6 



The x integral can be done and leads to 



Re n( non " planar ) 



2^ 

(2tt)" 



dz 



z 2 — p 2 



z 2 J^iiHr) 



(32) 



Furthermore, the z integration can also be done and the result can, in fact, be written in terms of generalized 
hypergeometric functions. However, this is not very useful. Instead, a more useful form is as follows. 



Ren (non-planar) = Re 



n + 3 
7T 2 

2(27r) 



4-n (\0\ 2 P 2 )^ 



COS 



(n— 3)7r 



H3- a (i 



(33) 



Here H denotes the Struvc function while iV is the Neumann function [ pq ] and the principal value prescription is 
to be understood when p 2 > 0. We note that, in spite of the apparent singularity (coming from the cosine in the 
denominator) for n = 2k, this expression is, in fact, well behaved for k > 1 because of the identity 



H 3-2fc (z) = N 3-2k (Z) 



(34) 



However, for n = 4, 6, which are the cases we are interested in (as we will see, this is what will be needed to discuss 
the self-energy for QED), it is nontrivial to extract the finite part from ([53]). Therefore, in what follows, we give an 
alternative closed form expression for the real part of the self-energy when n = 4, 6. 
Let us define 



Si 

S 2 -- l:< II 



Re jj < - no "~ planar ' ) 



2tt* 



dz ■ 



(2tt) 4 |<9| 2 j o 

7 

(non- planar) ^^T 2 



i . ,\e\z. 



n— 6 



(2tt)6|0|3 Jo z 



dz 



z — p 
1 



2 V 2 



a r ,\0\z. 



2^ 2 



With the explicit representations for the Bessel functions, 

/ 2 / 2 

Ji(z) = \ — sinz, Ja(z) = \ — 

2 V 7TZ 2 V 

the z integration can be explicitly done and leads to 

1 



Si 



S 2 



4ir 2 \e\(p 2 ) 
1 



16tT 3 |(9| 2 



cos mi i9i mi + 1) - sin \mijmi 

2 v 2 2 ! 2 2 



cos » {si \mi + _ sin » je 

2 v 2 2' 2 2 



\6\{p 2 ) 



2H 



cos»c,»!2l 



2 V 2 2 ; 



Here, 01(0), sz(,2) are the well known cosine and sine integrals defined as |3£ 



ci{z) 
si{z) 



, cost _ 
= C + In z 



eft- 



sini 



7T 

'2 



(7f ■ 

sini 



cos t — 1 



(35) 



(36) 



(37) 



(38) 



where C represents Euler's constant. From the series representation of the ci(z), si(z) functions, we obtain in a simple 
manner the behavior of the real parts of the self-energy as \6\ — > 0, namely, 



hm Si --L m« 



lira S*2 

|S|-0 



1 



IV 



16tT 3 |(9| 2 



_ jgjV 

12 - 



(C + In 



l% 2 



(39) 
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With these results, we can now discuss the closed form expressions for the real and the imaginary parts of the self- 
energy for QED. For simplicity, we give the results in four dimensions in the Feynman gauge where the expressions 
can be written in terms of the functions Si, S% in ( |3^ ) corresponding to the scalar self-energy in n — 4, 6 dimensions. 
After carrying out the x as well as the z integrations, the real and the imaginary parts of the functions I±i, IT2 take 
the forms (in the Feynman gauge) 



(non-planar) _ 4e 2 7r 3 g(p 2 ) 



(2tt)< 



\0\(p 2 ) 



A(p 2 



-)- 



\o\(p 2 ) 



1 , Mp 2 ) 



-) 



Reni 



(non-planar) 



imn 



(non-planar) 



_7T 2 |0|V 

2e 2 n z e{p 2 )p 2 



P 



Ren 



(non- planar) 2 



(27T)* 
1 



n 2 \e\ 



\o\(p 2 )- v 

2p 2 S'i + 487rS : 



-, s « + 



ffl(f> 2 ) 



6 



(40) 



From the limiting behaviors in (^9|), it is easy to see that the imaginary parts of ill, II2 in (E3) are well behaved when 
|^| ^ while the real parts diverge. 



V. DISCUSSION 

In this paper, we have systematically studied and shown that the dispersion relations hold true for the self-energy 
in the non-commutative (f> 3 theory as well as in QED in any dimensions. This also explains, as a manifestation of the 
IR/UV mixing, how a well behaved imaginary part of the self-energy develops a divergence structure in the real part 
as \§\ -> 0. 

Another interesting aspect of non-commutative QED is the on-shell behavior of the self-energy. Since n 2 has no 
planar contribution, we see from Eq. ( pit)] ) that the complete structure satisfies 

lim i mI 4 non - planar) = lim Imn 2 - 0. (41) 
p 2 ^0 P 2 ^o 

Similarly, we note from Eq. ( [40| ) that, for p 2 > 0, 

lim i mn ( non - planar) = ^! — (42) 
p 2 ^o 1 (2tt) 4 6 V ; 

This does not vanish independently, but for IIi, there is a nontrivial planar term |29| which gives, for p 2 > 0, 

lmli i - (2 ^)4 6 W 



lim Imn! = lim Imn| planar) + lim i mn ( non - planar) = (44) 

p 2 ^0 p 2 ^0 p 2 -^0 



so that once again, we see 



These results can be understood simply as follows. As we see from the explicit forms of the imaginary parts in (|4C|), 
the combination |(9|(p 2 ) 2 comes together in the arguments so that p 2 — > can also be thought of as \9\ — > 0. However, 
since the integrand of the self-energy involves the factor (1 — cos 9 ■ k), its imaginary part which behaves smoothly as 
1 6* I — > will vanish in this limit. 

The real parts of the self-energy, on the other hand, are non-vanishing in this limit. In fact, we see from Eqs. (|39| ) 
and @ that 

lim Rcn 2 = lim Renf on - planar) = j^^r (45) 
p 2 ^o p 2 ^o 2 (4tt) 2 |6»| 2 v ; 



which is a gauge independent result. Furthermore, in the Feynman gauge, we have 



(non-planar) 



2e 



2 



lim Ren 1 

p 2 ^0 (47T, 



H(2C + Inl'"W ■ 28 



6 V 4 J 9 



(46) 
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The planar part, on the other hand, behaves like ordinary Yang-Mills theory and leads to (in the Feynman gauge) 



lim Rcl4 planar) = -t^4 

p 2 ^0 (47T) 2 



10 / , \p 2 \ \ 31 



(47) 



where fi represents the renormalization scale. As a result, we see that the ln|p 2 | terms cancel in the complete real 
part and we obtain 



2e 2 

lim Re 111 



p 2 ^0 (47r) 2 



H( C + ]nWfllV)) + | 



(48) 



There are several things to note from this. First, unlike in ordinary Yang-Mills theory, the self-energy in non- 
commutative QED does not exhibit any logarithmic singularity as p 2 — > 0. Second, even though the imaginary parts 
of III, II2 vanish because of the (1 — cos 8 ■ k) factors in the integrand, the real parts do not, which can be understood 
as a consequence of the large energy behavior of the dispersion integral. 



Let us discuss this feature in some more detail. First, we note from Eq. (40) that, for a fixed p 



,2 



|0|-»O |0|-fO 

The dispersion relation, on the other hand, leads to 



lim Imn 2 = lim Im n ( non - planar) ~ \9\ 2 (p 2 ) 2 - (49) 



2 f°° , u9{oj 2 -p 2 ) , _ 

lim Rell2 = lim — / clio — 5 , n . „ Imllafcj, ft, \0\j 

9|— s-0 |0|->O 7T J Q LO Z - (p V >y 



(p°Y 

Thus, we see that, although for any finite u>, the integrand vanishes as \6\ — > 0, it is, in fact, strongly divergent as 
u> — > 00 leading to a nontrivial real part that diverges as for small \6\. 

We can analyze the corresponding behavior for IT as well. Here, although a new feature develops since n^ planal - ) is 
divergent and satisfies a subtracted dispersion relation, the analysis is completely parallel and leads to the result that 
the real part of IT diverges logarithmically as \9\ — > 0. A similar analysis can also be carried out for non-commutative 
\J(N) theory. 
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APPENDIX A: CALCULATION OF IMAGINARY PARTS 

In this section, we will discuss briefly how the imaginary parts of the self-energy are calculated. We note that, for 
p° > 0, only one of the delta functions contributes and, in this case, we have 

ImII (no n -pW) = 71 f d n-l k COSg-fc 0_|fl_|g + fl) 

4(2 7 r)"- 1 y \k\\k+p\ 

= A ( n\n-i /^rfMsmeO^^asine^^^.-.d^^^JbO-fc-lfc+pl) (Al) 
4(27T) n J k\k + p\ 

Here, we have identified k = \k\ as the radial component of the momentum vector. If we next identify p to lie along 
the (n — l)-th axis and 9 to lie along the (n — 2)-th axis, we have 

k-p = k\p\cos6i, 9 ■ k = |0 1 fc sin 6<i cos 6» 2 (A2) 
The delta function can now be used to do the 9\ integration. In fact, the delta function determines 

cos8 1 = -^-(p 2 -2kp°) (A3) 

Zk\p\ 
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and limits the range of the k integration to k„ 



P°-\P\ < JU < P° + \P\ _ u 

2 — — 2 ^maa; ■ 



This also shows that the imaginary 



part is nontrivial only for p > 0. Doing the 9\ integral and shifting k — > k — k m i n , we obtain, 



^jjlnon-planar) _ H?}* f (g^Q \^ d Q d Q 

4(2tt)"- 1 J v 7 



Rescaling 

the imaginary part becomes 

ImIl' non " planar ' 



x cos 



l\(p 2 (k max - kmin - k)k)i cos g 2 \ 

\p\ J 



k)k)z 



n-4 



9( P 2 )tt 
4(2tt) 



^ y (sin03) n " o d03---d0„- 2 



x / -.xy)"- 4 (sin0 2 ) rf^ cos(|6»|(x(l cos6» 2 ) 



(2tt)« y 



4 — n 



Jf-2(|^||M|) 



(A4) 



(A5) 



(A6) 



where \M\ is defined earlier in Eq. (Q). We take this opportunity to correct a typographical error in Eq. (61) of ref. 
[B9j, The imaginary part of the modified Bessel function satisfies, for p 2 > 0, the relation 



m^fS*jy=(-i) 



i; M\0\M) 
(\e\Aiy y ^ 2 (\e\ \M\y ' 



(A7) 



which can also be used to calculate the imaginary part of the self-energy from the result in 
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